Introduction
During the investigation of quantum groups, V.Drinfel'd introduced the notion of Lie bialgebras [8] in 1983. Quantization of Lie algebras and bialgebras is an important way to produce new quantum groups. Quantizations by twists act basically for constructing new quantized enveloping algebras. A universal and functional quantization of Lie bialgebras was developed in [11, 12] employing the Tannaka-Krein approach, from which a quantization of any finite dimensional Lie bialgebra defined over a field of characteristic zero (see [11] ) was constructed. Although a general method for twisting both the product and coproduct of a bialgebra does not appear, it is possible to twist the corresponding coproduct in such a way that it remains compatible with its original multiplication, unit, and counit (see [18] ). In this paper, we shall concentrate on the quantization being assort to the so-called Drinfel'd twist of the extended affine Lie algebra (EALA) sl 2 (C q ), whose Lie bialgebra structures were determined in [25] . The EALA sl 2 (C q ) was first introduced in [19] in the sense of quasisimple Lie algebras and systematically investigated in [2] . Since then, the representation and structure theory of such Lie algebras have been attentively studied (see [1, 3-6, 14-16, 22, 23] and the references therein).
We now introduce the Lie algebra considered in this paper. Denote Z , Z * , C the sets of all integers, nonzero integers, complex numbers respectively. Let 0 = (0, 0), Z = Z × Z , Z * = Z * × Z * . For any m = (m 1 , m 2 ) ∈ Z, k = (k 1 , k 2 ) ∈ Z * , introduce the following elements of L = sl 2 (C q ): 
Introduce two degree derivations d 1 and d 2 on L:
Then we arrive at the EALA sl 2 (C q ) = L ⊕ C d 1 ⊕ C d 2 considered in this paper and denoted
Denote the universal enveloping algebra of the Lie algebra sl 2 (C q ) by U( sl 2 (C q )).
For m = (m 1 , m 2 ), n = (n 1 , n 2 ), i ∈ Z , introduce the following notations that will be referred to in the main theorem:
The main result of this paper can be formulated as the following theorem.
Theorem 1.1. There exist some noncommutative and noncocommutative Hopf algebra struc-
, which preserve the product and
, admitting the following corresponding coproducts and antipodes:
d, E = e n and y = e, g, h, i = 1, 2,
For m = (m 1 , m 2 ), n = (n 1 , n 2 ), i ∈ Z , introduce the following notations that will be referred to in the following corollary:
Combining Theorem 1.1 and the following involution of sl 2 (C q ):
we can immediately derive the following corollary, which presents other three quantizations of sl 2 (C q ). Corollary 1.2. There exist some noncommutative and noncocommutative Hopf algebra
, which preserve the product and the counit of U( sl 2 (C q )) [[t] ], admitting the following corresponding coproducts and antipodes:
If an undefined term appears in an expression, we always treat it as zero, e.g., g 0 = h 0 = 0.
We have in fact exhausted all the possibilities of Drinfel'd twist quantizations based on the "usual" noncommutative 2-dimensional Lie subalgebras {T, E} of sl 2 (C q ) up to scalar multiplications (the "usual" means that one of the two elements, i.e.,
T , is in the Cartan subalgebra of sl 2 (C q )). This is also the main reason why we present 6 quantizations above. (We are currently engaging in an investigation of the Drinfel'd twist quantizations based on "unusual" choices of noncommutative 2-dimensional Lie subalgebras of sl 2 (C q ). However, it seems to us that heavy difficulties appear and that new techniques should be introduced during the process of such attempt.) (2) Although the Lie bialgebra structures on the affine Lie algebra sl 2 (C q ) have not
been determined yet, we may obtain two quantizations of the affine Lie algebras sl 2 (C q ) by restricting the third quantizations in Theorem 1.1 and Corollary 1.2 to sl 2 (C q ) by taking
Definition and preliminary results
We first recall some basic concepts and results based on a unital C -algebra A . For any
0 , where
The following lemma can be found in [17] or [18] .
Lemma 2.1. For any x ∈ A , a, d ∈ C and r, s, m ∈ Z + , one has
where the binomial coefficient
It is known that there is a natural Hopf algebra structure on the universal enveloping algebra of the Lie algebra
is an associative C -algebra of formal power series with coefficients in U( sl 2 (C q )) such that
] is equiped with a Hopf algebra structure induced from U( sl 2 (C q )). We also denote it by (U(
It is known that the Drinfel'd twists pay an important role in constructing a new Hopf algebra. We shall employ the following Lemma (see [8] ) to complete the quantization of sl 2 (C q ) (also see [7, 21, 24] ). Lemma 2.3. Let (A , µ, τ, ∆ 0 , ǫ 0 , S 0 ) be a Hopf algebra over a commutative ring, I a Drinfel'd twist on A . Then
(2) The algebra (A , µ, τ, ∆, ǫ, S) is a new Hopf algebra where
For formal variable t, and c ∈ C , T, E ∈ sl 2 (C q ) with [T, E] = E, denote
The following lemma also holds according to the corresponding lemma in [7, 21, 24] .
Lemma 2.4.
3)
4)
In particular, I c , I c , J c , J c are invertible elements with I
Proof of Theorem1.1 (1)
In this section, we take
It is easy to see that
obtain equations (3.1) and (3.7). Equation (3.2) is a special case of (3.1). Equations (3.6) are obtained by
Then, we obtain the equations (3.3), (3.4), (3.5) as follows:
(
Proof. For l m ∈ L m , using formula (3.1),
Hence, we obtain equation (3.8) . It is obvious that
Hence, we complete the proof of equations (3.9), (3.10) respectively.
Using formula (2.1), (3.3), we obtain equations (3.12) as follows,
Similarly, equations (3.13) and (3.14) are also tenable. Now, we complete the proof of this lemma.
Lemma 3.3. The following identities hold in U( sl 2 (C q )):
Proof. Using the formulae (2.1), (2.3), (3.1) and (3.6), we have
Similarly, dJ c = J c d. Since formulas (2.1), (2.3), (3.1) and (3.7), there are
The last three equations could be obtained by the formulas (2.1), (2.3) and formulas from 
Proof of Theorem 1.1 (1). Using equations (2.2), (2.5) and all the lemmas above, for symbol y m = f m , e m or g m , we obtain
In addition, we also obtain,
Proof of Theorem 1.1(2)
In this section, we take T = x 1 d 1 + x 2 d 2 for some x 1 , x 2 ∈ C , n = (n 1 , n 2 ) ∈ Z and E = e n such that [T, E] = E. It is easy to see that x 1 n 1 + x 2 n 2 = 1. The expressions only referring to T in Section 3 are also tenable in this section, such as expressions (3.1), (3.2),
Lemma 4.1. The following identities hold in U( sl 2 (C q )): 
By the definition, if m + n = 0, there is
where s m = q m 1 n 2 +m 2 n 1 +n 1 n 2 ∈ C . Thus,
Similarly, there are
and
Furthermore, one can obtain
These mean
Lemma 4.2. The following identities hold in U( sl 2 (C q )) (where l m ∈ L m ):
Proof. Equations (4.6), (4.7) and (4.8) are similar as (3.8), (3.9) and (3.10) in Lemma 3.2.
It is easy to obtain equation (4.9) by [e m , E] = 0.
Using formula (2.1), (4.3), we obtain equation (4.10) as follows, for m + n = 0,
Similarly
Moreover, we also have
e m J c = J c+r e m , (4.14)
Proof. Using the formulas (2.3), (3.1) and (4.1), there is
Formulas (4.15) and (4.16) are the same as those presented in Lemma 3.3. For m = −n, there is
Furthermore, there is
Thus, we obtain (4.17). Equations 
Proof of Theorem 1.1 (2) . Using equations (2.2), (2.5) and the lemmas from Lemma 4.1 to Lemma 4.3, for m ∈ Z, there are,
Moreover, the following equations are also necessary to the theorem, where m + n = 0,
Proof of Theorem1.1 (3)
In this section, we take T = 1 2
d and E = e n for n = (n 1 , n 2 ) ∈ Z such that [T, E] = E.
The expressions only referring to E in Section 4 are also tenable in this section, such as expressions from (4.7) to (4.13) in Lemma 4.2. For m = (m 1 , m 2 ) ∈ Z, r = x 1 m 1 + x 2 m 2 , denote
Lemma 5.1. The following identities hold in U( sl 2 (C q )):
Proof. Using the formula (2.3), (4.1) and (5.1), we have = f m ⊗ (1 − Et) 
